Introduction
Let X be a smooth projective variety of dimension d over a field k. Let k(X) be the algebraic closure of its function field. If the Chow group of 0-cycles CH 0 (X ⊗ k k(X)) is equal to Z, then S. Bloch shows in [4] , Appendix to Lecture 1, that the diagonal ∆ ∈ CH d (X × k X) ⊗ Q decomposes. This means there are a N ∈ N \ {0}, a 0-dimensional variety ξ ∈ X, a divisor D ⊂ X, a dimension d cycle Γ ⊂ X × D such that
It has various consequences on the shape of de Rham or Hodge cohomologies in characteristic 0 . Let (∆) ∈ H 2d (X × X) be the cycle class of ∆. One applies the correspondence [ 
coming from Deligne's Hodge theory ( [7] ), one concludes that H i (X, O X ) = 0 for i ≥ 1. S. Bloch developed this argument, and variants of it forétale cohomology, to kill the algebraic part of H 2 under the representability assumption of the Chow group of 0-cycles over k(X) (Mumford's theorem).
The purpose of this note it to observe that P. Berthelot's rigid cohomology [1] has the required properties to make the above argument work in this framework. If k has characteristic p > 0, let W (k) be its ring of Witt vectors, K be the quotient field of W (k). Let X be smooth proper over k, Z ⊂ X be a closed subvariety, and U = (X \ Z) be its complement. The rigid cohomology, which coincides with the 
which is compatible with the Frobenius action ( [5] , Theorem 2.4). By [3] and [11] , the slope 0 part of 
On the other hand, if one now assumes that k is finite, the Lefschetz trace formula for crystalline cohomology
implies in particular that if all the slopes of Frob are > 0 and X is geometrically connected, then
Thus one has Corollary 1.2. Let X be a smooth, projective, geometrically connected variety over a finite field k. If the Chow group of 0-cycles CH 0 (X ⊗ k k(X)) is equal to Z, then X has a rational point over k.
An example of application is provided by Fano varieties. A variety X is said to be Fano if it is smooth projective, geometrically connected and the dual of the dualizing sheaf ω X is ample. By [13] , Theorem 2.13, Fano varieties on any algebraically closed field are chain rationally connected ( [13] , Definition 3.2) in the sense that any two rational points can be joined by a chain of rational curves. This implies in particular that CH 0 (X ⊗ k(X)) = Z. Thus one concludes Corollary 1.3. Let X be a Fano variety over a finite field. Then X has a rational point.
This corollary answers positively a conjecture by S. Lang [14] and Yu. Manin [15] . This the reason why we write down the argument for Theorem 1.1, while it is a direct adaption of S. Bloch's argument [4] to crystalline and rigid cohomologies.
That a study of crystalline cohomology should yield the existence of a rational point on Fano varieties over finite fields is entirely due to M. Kim. His idea was to kill the whole cohomology H i (X, W ω X ) for i < dim(X), using solely the structure of crystalline cohomology on X, together with its Verschiebung and Frobenius operators, and using the ampleness of ω −1 X . So far, we don't know whether or not this stronger vanishing result holds true. Our motivation for Corollary 1.2 is Kollár's theorem [13] , which is anchored in geometry. Its cohomological consequence is more restricted. Acknowledgements. This note relies on P. Berthelot's work on rigid cohomology, with which the author is not familiar. It is a pleasure to thank P. Berthelot, S. Bloch and O. Gabber for their substantial help and encouragement.
Proof of theorem 1.1
In this section we prove Theorem 1.1. Thus X is a smooth projective variety over k. For any codimension d cycle Z ⊂ X × X, the correspondence
is well defined on H i (X/K). One needs for this the existence of the cycle class
which is provided by [1] , Corollaire 5.7, (ii), and by [16] , 6.2, for the factorization through the Chow group, the contravariance for p * 1 and the covariance for p 2, * , applied to crystalline cohomology of smooth proper varieties. In particular, this correspondence factors through
, which shows via formula (1.1) that
Thus, using [5] , Theorem 2.4, Theorem 1.1 is a consequence of the following Lemma 2.1. (P. Berthelot) Let X be a smooth, geometrically connected, quasi-compact and separated scheme over k of characteristic p > 0 and let Z ⊂ X be a non-empty subvariety of codimension ≥ 1. 
Then the slopes of H
Here the open sets U a are the (a + 1) by (a + 1) intersections of the U i and the maps are the restriction maps. This spectral sequence has only contributions with > 0 slopes. This finishes the proof.
Comments
Corollary 1.3 can be compared to the theorems [10] , resp. [6] , where the finite field is replaced by k = F (curve) for F = C, resp. an algebraically closed field in characteristic p > 0.
On the other hand, if X is a hypersurface ⊂ P n of degree ≤ n over a field k of characteristic 0, then CH 0 (X ⊗ k(X)) = Z by Roitman's theorem ( [17] ), whether X is smooth or not. It suggests that perhaps there is a stronger version of Theorem 1.1, requiring X projective but not smooth. This would be compatible with the congruence results of Ax and Katz [12] , and their Hodge theoritic counter-part ( [8] , [9] ), which in this case says H i (X ′ , O X ′ ) = 0 on a proper smooth model X ′ for i > 0. The method used here does not apply in the singular situation.
